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XLII. A Method of extending Cardan's Rule for refohing 
one Cafe of a Cubkk Equation of this Form^ sc'^ % -qx 
= r, to the other Cafe of the fame Equation^ which it 
is not naturally fitted tofolve, and which is therefore of- 
ten called t\iQ irreducible Cafe. By Francis Maferes, 
E/q. F. R. S. Curfitor Baron of the Exchequer* 



Bead July 9, 1778, 



ARTICLE !• 



I 



T is well known to all perfons converfant with alge- 
bra, that cardan's rule for refolving the cubick e- 



qiiation x'^-qx:=^r is only fitted to refolve it when — is e- 

qual to, or greater than, ^ or when r is equal to, or 

greater than, i~-^, and that it is of no ufe in the refolu- 
tion of the other cafe of this equation, in which r is of 
any magnitude lefs than i^. For in this cafe - - ^- be- 

-f Q 3 V 3 4 27 "^"^ 

comes (according to the ufual language of algebraifts) a 
negative quantity, and confequently its fquare-i-oot be- 

I comes 
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comes impofRblej and the expreffion given by cakdan's 

111! 1I Ill I II 



i 
27 



3 V Rff _^ 

involves in it the impoffibie quantity v/- - — ^ and there- 

fore is unintelligible and ufelefs : or, according to what 
appears to me a more correal way of fpeaking (who ne- 
ver could form any idea of a negative quantity, and ne- 
ver iinderftand by the lign - any thing more than die 
fubtradtion of a leffer quantity from a greater), the quan- 
tity ^ - ^ becomes itfelf impoffibie, or the fuppolition 

that ~ is greater than^, (which is one of the founda- 

tions of cardan's rule), is no longer true, and confe- 
quently the rule itfelf, which is built upon it, can no 
longer take place. 

2. Neverthelefs it is poffible, by the help of Sir isaac 
NEWTON'S binomial theorem, to extend this rule to this 

latter cafe, in which - is lefs than ^~-, and which it is not 

4 -^7 

of itfelf fitted to refolve; or, to fpeak with more accu- 
racy, it is poffible to derive from the expreffion of the 
value of X given by cardan's rule for the refolution of 

the equation x^-qx'=^r in the firft cafe, in which ^ is 



4 
greater 
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greater than ^ another expreffion fomewhat different 

from the former, that fliall exhibit the true value of x 



in the fecond cafe, in which - is lefs than ^, provided it 

' 4 27' •»• 

be not lefs than ~ — , or ^ : and this M^ithout any men- 

tion of either impoffible, or negative, quantities. To 
ihew how this may be effeiled, is the defign of the fol- 
lowing pages. 

3. That the whole of this matter may be feen at one 
view, it will be cqnvenient to fet forth the foundation 
and inveftigation of cardan's rule for refolving the e* 



rr 



quation x^-qx^zr^ when - is greater than ^; which may 

4 ^7 

be done as follows. 



fhe Inveftigation of Cardan's Rule for refolving the Cubick 

Equation x^^-qx-r^ when ^ is greater than i. 

4 *^ 27 

4. Previoufly to the inveftigation of this rule, it will 
be proper to make the following obfervations. 

Obs. I. In the equation A;^~-/7A;=r (which is a propo- 
rtion affirming that x^ is greater than qx^ and that the 
excefs is equal to r) xx muft always be greater than q^ 
and X than \^q. 



Obs, 
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Obs. 2. While AT increales from ^/q ad infnUum^ x"" 
will increafe continually from q\/q ad injinitum^ and qx 
will increafe continually from the fame quantity ^s/*^ ad 
infinitum. 

Obs, 3, Alfo, while x increafes from \^q a.d infinitum^ 
the excefs of at^ above qx will increafe continually from 
nothing ad infinitum^ without ever decreafing* For, if 
we put X to denote the increment which x receives in 
any given time, either Imall or great, qx will be the in- 
crement which qx will receive in the fame time, and 
3A;^;C-f 3.ri" + i^ will be the increment of x'^ in the fame 
time. Now, fince xx is always greater than q during 
the w^hole increafe of x from being equal to \/q ad infi- 
nitum^ XX XX will be greater than qx during that whole 
increafe. Therefore, a fortiori^ 3Ar^A;+3A;i^ + i'^ (which 
is more than triple of xx x x) will be greater than qx ; 
that is, the increment of x^ will be greater than the con- 
temporary increment of qx during all the increafe of x. 
Confequently the excefs of x^ above qXy or the com- 
pound quantity x^-qx, will continually increafe, with, 
out ever decreafing, while x increafes from >/q to any 
greater magnitude. 



Obs. 4. Since the compound quantity x^-qx increafes 

continually at the fame time as x increafes ; and, v/hen 

Vol. LXVIIL 5 U ^v is 
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X is equal to '-^, x'-qx is (= ^-^ - ^ = !i^^-^0 = 

^ V3 -z V 3v'3 v'3 3>/3^ 3V3^ 

a£r, it follows that, if . is greater than ^', the com- 

pound quantity x'^-qx will be greater than ^'^—"^ and, if 

»» "^ <? 

:i' is lefs tlian ~L the faid compound quantity will be 

lefs than ;^~7^; and, econverfo^ if the compound quan- 
tity .%'^--^Ar, or, its equal,, the abfoiute term r, is greater 
tjian ??-^/, the value of x will be greater than ^; and, 

if .v'-{?*:v, or r, is lefs than^^— ^, the value of a; will be 
lefs than ~~ ; or, if - is greater than ~, x will be great- 
er than V^, and, if ^* is lefs than C x will be Lefs than 

>/3 4- -2? 



■i w< H iWi H >*i 



t/3 

Obs. 5. When r is greater than ^^, or- is greater 

o 3 V 3 4 ^ 

than ^-",, and confequently (by the laft obfervation) x is 
greater than i^^, ;v^ will be greater than ^, and ^ will 

be greater than •^. But ~ is the fquare of ~. There- 

34 2 

fore when r is greater than il^, or - is greater than -^ 

3v^3 4 27 

the fquare of half x will be greater than ■^. But (by 

EUCLID'S Elements, Book 11. Prop, V.) it is always pof- 
fible to divide a line, as x^ into two unequal parts infuch 

a pro-p 
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^ proportion that the rectangle under its parts fliall be e* 
qual to any quantity that is lefs than the fquare of its 

half. Therefore, when r is greater than ^^, or ^* is 

greater than ^ it is poffible to divide the Une, or root, x 

into two unequal parts of fuch magnitudes that their 

rectangle, or produit, fliall be equal to -^ This obfer- 

vation is the foundation of cardan's rule for the refolu- 
tion of the equation x^-qx^r in the fir ft cafe of that e- 

quation, or when r is greater than --J^ or ^ is greater 
than^ ; the inveftigation of which is as follows* 

P R O B L E M» 

5. "To refohe the Equation x'^^-qx^^^r^ when r is greater 

than ^^^ or - is greater than --. 

SOLUTION. 

Since r is fuppofed to be greater than ^^, and con- 

fequently (by Obf. 5-) t is greater than ^^ it is poffible 

for X to be divided into two unequal parts of fuch mag- 
nitudes that their redangle, or produa, fliall be equal 
to —. Let it be conceived to be fo divided; and let the 

(; U 2 greater 
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greater, of the two parts be called a^ and the leiSer ^. 

Then will ab be = -?-, and confeqiiently '^ab will be —q^ 

and ^abx \a+b will hc=^qxa+b. 

Now, fince <^-f-^ is equal to x^ we fhall have a^ + ^aab 

4- ^abb + P = x\ and qx a-\-b-qx. Therefore x'^ - qyJ 

will be - a^ + Oy^ab^ ^abb-^b^ - qx a^b =a^ + ^ab x ^-f^ + 

b'^-qx a-\-b\ that is (becaufe '^abx a-vbi^ =qx a+b) x^- 
qx will be =:: ^^ + /5>\ Therefore r (which is r:,?!;^ - qx) 
will be ^a'^'\-b^. 

But, fince 3^/5 is =: ^, wx fliall have ^ =:i^, and b^ = 
Therefore a^-^-b'^ is = ^^4-4~7, ^^^^ ^' (which is=/3f^ + 



27^^ ^jr<3:- 



.3 



b^) is =^^+-^. Therefore ra^ is = ^^^4-^, and ra^-a^ is 



.6 



But r^^ - or is the product of the multiplication of 
r-a} into a^^ which are together equal to r. Therefore 
(by El. II. 5.) ra^-d' muft be lefs than the fquare of half 

r, that is, than ^, and confequently may be fubtradled 
from it. Let it, and its equal ^ be fo fubtraded. And 



27' 

rr 



we lliall have — ra^-^a^^^Z - L. Therefore the fquare- 

4 4 27 

root of -- ra^ 4- a^ will be equal to Jl- ~ C But the 
fquare-root of ~- r^^ 4- a^ is the difference of ~ and ^^ 

4 % 

that 
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that is, either — -^^ or ^^~— , according as -^ or a> is the 

greater quantity. But it has appeared ahove that a? and 
b^ together are equal to r ; and a is fuj^pofed to be greater 
than b^ and confequently a^ is greater than b^. There- 
fore a^ muft be greater, and b^ lefs, than -^. Therefore 

a?-— is the difference of ^^ and — , and confequently is 

the <auare-root of the quantity --r^^ + d". Therefore 






is =: \/p- -, and a^ is =41 + 4 P — ^, Confe- 

quently a is = J^ T "** V I "* *" I~* But ^ has been Ihewn to 
be =^. Therefore Ms = ^ ^ ^ = ^ \ and confequent- 

ly ^+^, or ;v, is =^' ffWf^ + .,, ' ,cr-p^' 

WlT + Vt-r; 

Q. E. I. 

6. This expreflion may be rendered more fimple by 

fubftituting the fingle letter s in it inftead of J\^-C. 
For then it will he Kr\ — + s + — . t—~ . 

Synth etick Deffion/iration of the 'Truth of the foregoing 

Solution. 

7. That this expreiEon is equal to x in the equation 
I x'^- 
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x^ --^qx ^ r "s^XSi appear by fubftituting it inftead of Aria 
the compound quantity x^-qx^ which will thereby be 
ieen to be equal to r, as it ought to be. 

This may be done in the manner following. 

Since a: is=v/^ ;^ 



■III ii.fi» 



+J+ 



we fhall haveA;^=-^+j'+3x|-^4-j'l 



or 



— --f j*|^-f 



^ 
7X 



3x 



4-^ 



3x 
+ 3X 



A-S 



2 



;* 



-¥3 



X 



qq 



\r 1* 

9x T^^P 



- + 



r 



- ^JfS-irqx 



+ ^H' + 



^^ 



2J x—^S 



3x; 



V 



s.']r 



-{•ajs 



; and qx:=^qx 



r 



]■ 



+ SVA 



9'I 



3x 



~; and confe- 



+ J 



quently a;^-^a;=— + J' + 



zyr 



-{•"lys 



2 27^ 



q r 

~ = —AS^ 

W 2 



2 2 






27r+54i 



27r+54i 



Now J'j", or 



rr 



f . 27ff-4^5 _ 2^rr^^ q\ 

— « lb r- — — 

27'' 108 $6 X 3 

rr 



; or, if we put 



q* mm 



mm:='2Trr-Aq\ we fliall have ss^ or — ~, =~r^5 and 
' ^'^ ' ' 4 27^ 36x3' 

s =J!L.. Therefore -^ is =— ^^^^ =^ '4 —. 



6^/3 



6^/3 



i2's/3 X ^^ 



2v^3 x^- 



6x 27 -^3 xr + 54w~" 27 ^3 X r + 9/;/* 

2 \/3 X.^^ __ 27 v/3 Xr;M-|-9^»;»-f 36^^ 
27v'3Xr + 9w "~6x27X3r + 6x9X s/^xm 



Therefore s +— ^is=r^+ 

2 7r-f54J 61/3 



3 V^3 X rw 4- w/« + 4</' 
54r-f-6 \/3 X w 
3 \^3 X rffl4~2 7rr^4^^ + 4^^ 3 's/3 x^-wH- 27rr __ ^^3 x rw + 9rr^ -i r 



54r-f.6 V'3X/w 



54r4-6v'3Xz« i8r+2V'3Xw 



; and 



j-h 
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27r-[-54i ""2 i8r+2 i/jX/tt "^ S^r+^y'^ x/w 

56rr4-4V;3_x;^^ -g^^^. ^^ j^^^^ bcforc fhewn that x^-gx 

ji6r-}-4K3 X/» * 

is =:-l+j+ — f^-. Therefore ^^ -g'Ar is ^/'j and confequent- 
jy . /^ [1.4. J- ; g is the true vaLvie of i,v in the cu^ 

bick equation x'^-qx^r, Q. E. D.> 

^wo other ExpreJJions for the Root of the foregoing E- 

quation-. 

8. Two other exprellions may be found for the root 
of this equation by refunding the inveftigation con- 
tained in Art* 5. The firft of thefe exprellions is 

\/ U-- A/ F - - + F=^==-^===, or (if we put jx^.as 

before, = 1^ ^ f ) J^ fflT^ -irfT=^' The other ex-^ 

jj^ j J- J", Thefe expreffions are to be found in the fol- 
lowing manner^, 

Invejiigation of the f aid ExpreJJions <> 

9, In Art. 5, we fuppofed the line x to be divided in^ 

to 
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to two unequal parts a and b^ of which a was fuppofcd 
to be the greater; and we firft found the vahie of the 
greater part a, and then determined that of the lefler 
part Z' from its relation to ay which is exprefTed by the 
equation '^ab = q. But we may with the lame eafe firit 
determine the value of the leffer part b^ and then derive 
from it that of the greater part a\ which would produce 
the firft of the two expreffions of the value of x men- 
tioned in the laft article. This may be done as follows. 
Since it has been iliewn in Art. 5. that r is ■=: a'^ + b'^ ^ 

and 2)^b is - q^ and confequently a is =-^, and a'^ to — - > 

it follows that r will be =:-iy-+^^ Therefore rb^ is=:'^- +/5'^ 

27^^ 27 ' 

and (fubtrafting/^^'from both fides) r^J^ --^^' is =-. There- 

fore (fubtrafting both fides from ~, thanw^hich they are 

"J 

evidentlv lefs), we fliall have '^•^-rb'^+b^^- - ^. There- 

^ 44 ^7 

fore the fquare-root of --rb^ + b^' will be == a /| '' ~ '^• 

^ 4 \i4 27 

But the fquare-root of '^-rb'^-^b^ is the difference of the 

^ 4 



quantities— and ^% that is (becaufe b'^ is the leflTer part 
of a^-^-b^^ or r, and confequently is lefs than the half of 
it, or ^\ it is = ~~ b\ Therefore ~~ b^ is = .W'^^L 

Therefore (adding b'^ to both fides) ~ will be = Z^^ + 
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J JZ* -. L, and (fubtra£ling v/j~ - 7 from both fides) b^ 
will be =-1- J(Hir. Therefore b is =./' k-Jl^r-.!!, 
and ^ (=1) is = — ^ ^, , ^ ^ ^ . =. j and confequently ^+i^, 



3^1 T-^Wt, 



or a+b. ov X. is=v/ i ---i/'--- + 



3v |f~vu'""!y 



=f or 



(if we put xr =p ^I) ^'[ir;] . ^. Q.E. I. 

Syntbetick demonflration of the truth of the foregoing ex^ 

prejfton* 

10. Here again we may demonftrate fynthetically, 
that this expreffion is equal to the true value of x in the 
propofed equation a?^ - ^'A? = r, by fubftituting it for x in 
the left-hand fide of that equation. For, if we make 
that fubftitution, we fliall find that the value of x^ ~ qx 
thence arifing will be equal to r. This may be done in 
the manner following. 



If^is==,J'(^J+—r '^ 



r 

or —s 

z 



1+ ?:£=r->We 



3x 



r 



lhallhaveA:5=-^-J+3x|~-^px — _4..=_ + 3x 



3^ 



r Ir 
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9^4 



n 



X I ^- x] 



mXnn 
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r? 1. 

J + ^x' J"P"4- 



27 X 



r 

2. 



m 



3x 







27 X 



= .J and qx'=^qx 



r 



r 
2 



i ^~ + 



ff 




arid confe- 



qnentljx^-qx:=^^S4' 



r 



27 X 



2 27r 



ajs 



i\_ - Jl_j^_iil 



-r;* 



^ i -:: ~— J + ^ , Now SS, OT 



i- is 



27rr — 4y- 



2 2 
,3 



^^^jil*. Therefore if we put mm=:27rr-4q% we fliall 



have ss 



mm 



36x3 



J anci s -— 



m 



6^/3* 



Therefore 



2f 



H' 



2f 



IS 

2 7r- 54^ 

I2^3Xg^ _ 2.v/3X^3 
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o^-*'— ^^^^ 6X27X V 3 X^-54^^ 6X27X V'3Xr-54;»'^27X|/3Xr-9;« 



6^3 



Therefore 



x + 



2g~ 



m 



^•. -|. 



2 v'3 X^- 



f 



IS = - - ,v - — - 

27r— 54^ 2 6y3 27 x y 3 X r — gji^ 2 



— 27 X */$ X rm -^ ^mm -f- 3%^ ^ — 3v^3 X r^-f- wi^r + i^<f r 

" 6X27X 3^— 54 v'3 X?# "^ 2 54r— 6v^3Xj?« "" - — — 

—3 s/'iXrm + a 7rr-4§'^ + 4^^ r — 3 y* 3Xr^ + 2 7rr 54rr~ 6|/3Xr^-6|/3Xr/« + tArr 

.m' ii»»".r . ■ ■ ■ «■ « 1^"*" — • — ■ ■ ■■ ^^ ' ■ t ' '' . III . Ill, "^ i 

^4^— 6'/3X«? 2 54>' — 6'v/3X^« io8r— 12 '/3 X«2 

==lo873iI73xir ^^* ^^^^ ^^ -^^^ ^^^^^ before fliewn that 
x^-qxis:=- 

- 1 ^.. — J- .+. 



\ 



Z.„,+_i2:__. Therefore x'-qxi^^n and 

2 2 7r~54j -4 7 

^ is the true value of x in the cubick 



3v It 



equation x^ -qxr:r. Q. E. D, 



tZmton 
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Invefiigation of the third expreffion of the ^alue of the 

root X. 

II. The third expreffion for the value of x^ or the 



laft of the two mentioned in Art. 8 . to wit,W ^ j I + J j !I-|1 4. 

^/^'T~^/l^^' ^W1t"^4"^V'!t^^' ^^^y be obtained 
as follows. 

Since a^+b^ is ~r, it follows that b'^ will be :t;r-^\ 

But a^ is fliewii in Art. 5. to be --j+J 



rr a 



--"— • Therefore 
4 27 



^_«3 is ^r- -1+^|IZ=-J-^(|-Z. Confequently ^^ 



• r 

is -— 



as before, ==-'i,) ,J'|1T«^' l^-,. Q. E. I. 

Synthetick demonjlration of the truth of the f aid third eX-- 

prefjion^ 

I a. Here again we may demonftrate fynthetically, 
that this expreffion is equal to the true value of x in the 
equation x^-qx^ r, by fubftituting it for x in the left- 
hand fide of the faid equation. For, if we make that 
fubftitution, we fliall find that the value of x'^ - qx^ 

5 X a thence 
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thence arifing, will be equal to r. This may be done 
in the following manner. 

If ^is = ^'f 
jChall have.'V^= - 4-^f-f 3 x y-+ J' 



"T* S I 



on— + j|^+|— -J' 



7% we 



2 



3x 
r-h3x 



J=:r+3x 

X 



+ s 



Cr 1« P ?• 

5f^+^x — +/P'x'— -J y 

^7 = r+ 



r 

2 



TxU~~jT + 3x 



7 X. ^ 

1 2 



+ S 



-H-J'pX y-J'p + 3X Y + JP^X .~.--X|^x' — -^^7= 



+ J" 



(■ 
rr 
— ss 
+ 



T+5X 



4- 



rr rr q ' 

4 4. ^7 



^4-3X 



ij I27I u 



rr rr 0^ * ' ' i 

— _+!. Tx I J- b=-r+^'?x 

4 4 27 1 2 '- *^ 






2 1 '27 



T=r+ 3 X 



r 
2 



^X-i- + axi— X l- J 

3 *^ 3 la 



3=:r + 5^H 



r 



1-1+ j']t 4..^ X '— - J"P^- And qx. will be = (7, x j— + j]^ -^gK 



E--7 3. Therefore x^ - ^a? will be = r + ^ x j-l + Jp + f x 









(? 



3+ I — s 

2 



s\^ = r; and confequently 

3, or \/ I -7+^+W It"- ^ > is thfe trae value 

of X in the cubick equation A?^-~^^=ri 

13. N.B. I do not remember to have leen thefefub- 
ftitutions, or fynthetical demonftrations of the truth of 
the expreflions given by cardan's rule, in any book of 
algebra. 



14. J^ 
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14. Jn Example of the Refolution of a Cubick Equation 
of the aforefaid For my x^ - qx -r, by means of each of 
the three foregoing Expreffions. 

I will here infert a fingle example cf a mimeral eqtia-^ 
tion o£ the foregoing form, x'^-qx-r^ refolvecl by each 
of the three expreffions above-mentioned, in order ta 
ftiew that they will all three bring out the fame number 
foritsroot.y 

Let it therefore be required to find the value of x. m 
the cubick equation at^-sat- 18. 

11 5, In this equation ^ is == 3, and r is = i &. There- 

fore v/-? is =v/3, and^^ is =^-^=,,, which is great- 

ly lefs than 1 8, or n Therefore this equation comes 
under the above- mentioned rule, and may be refolved 
by either of the foregoing expreffions. 

Refolution of the equation ^^-3^=18 bythejirfl of th$ 

faid expreffions. 



S\] 



16. The firfl; of thofe expreffions is J 
===j in which s ftands f<>^Jj^ - |r» 



3 I r 
2 



2 



Now 
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NoWj fince 5^ is = 3^ — will be =1 = 1, and confequent- 

3 

Iv —5 or the cube of -^ , will alfo be n i . And, fince r 
is - 18, w^e fhall have — =9^ and ^=81, and confequent- 
ly - - /-'= 8 1 - 1 = 80 ; that is. ss will be = 8o* There- 
fore i is = v/8o = \/i 6 x \/5 = 4x^5 ; and — + j* is = 9 + 
4 v/5 = ZilJilli = ^ 7 + ^7^/s + 45 + s^/5 . j^^d coiifcqiiently 

^^ (Zl^is r:l-+_^^ Therefore 3 x ^^ j|77 is ^iilEfZI, 

and g is = q V — =4== = — i— ; andv/|— +-y + 

/ifT ^ ,xa-l-v^c 3 + VS A/I2 

3V |7+-^ 



3aJ 



2 

3-^- ^g 4, ^ -: 3 +V$I X 3+ v^5 + 4 



IS 



3f3^ " S+v^S 2x3+1/5 



^i±^^^m^ :=: ^^^±^ Therefore 3 is 

the value of oc in the equation .3^^- 3,:^= 1 8. And fo we 
Ihall find it to be upon trial: for, if x is taken =3, we 
fliall have Ar^=27, and 3.%'=3x3=9, and A^^~3Ar=27- 
9 = 1 8 . And thus we fee that the firft of the three fore- 



going expreffions, 4o wit, J^ — + j- + - — j- j^.. .#^ , has 



+ s 

2 



given us the true value of x in this equation. 



Refoluiion 
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Refohition of the fame equation by thefecond and third of 

the foregoing expreffwns. 

17. We are now to refolve the fame equation x'^ - o^x 
= 1 8 by means of the two other expreffions, to wit, 

Now, fince r is = 1 8, and s has been fliewn to be 
=:\/8o, or 4n/s, we flhall have ^-s=g~^\/ c^zzl^-^—^zz 

^llLil^^i+liZLlfl, and sl'\i-s = ^-p: Therefore 



. is = =L.sr=r~ 1 X 



3j^rZI7is=l2<iZ^, and— -;:= 

3V1t- 

=4==: = —~f Confequently sX \^~^'^ ~— : £_^^ 

3-^5 3 5 ^ 3^'j..L_j 



__^ _ _. _ _^ . „ " » i» i3 — •"• 

3X3 

2 3-^S Tx™"^5 2X3-Vs 2X3'-^"'s a-v^S"" 



?iil-J^= ^. Therefore a; is = ^, as it was found to be 

3- \/s 

by the firft expreffion. 

f t II II' ^ I ii lM Olli i»ipi — - 

1 8. The third expreiEon ^v f7-^«^+v/^ I7— ^ ^^ ^^ ^^^^ 
pixfent cafe =^~^- + i:::-^=i = 3. Therefore by t1\is 

expreffion, as well as by both the former, the value of 
.V in the equation x^- 3^;= 1 8 comes out to be 3. 



6 19* A'b/.:-: 






9 ao Extenjionof Cardan^s Rule to the 

19. Note. The foregoing method of refolving the 
ciibick equation x^-qx-r^ when r is greater than ^^> 

or - is greater than ~, and a Uke method of refolving 

the cubick equation ^^ -^ qx-r (which holds good in all 
cafes, whatever be the magnitudes of q and r), areufu- 
ally known by the name of cardan's rules ^ becaufe 
they were firft publiflied by him in his treatife of alge- 
bra, intitled, Ars magna j quamvulgoCoJJamvocantyfeu 
regulas Algebraicas^ in the year 1545, although, as he 
himfelf informs us, they were firft found out by one 
sciPio FERREUS of Boiionia. See wallis's algebra, 
Ghap. XIIL 

Of the fecond cafe of the cubick equation x-qx-ri in 
which r is lefs than ^— , or - is lefs than C and which 
cannot be refolvedby cardan's rule. 

20. The remaining cafe of the cubick equation a^^« 

qx-=-ry in which r is lefs than -?-^, or ~ is lefs than ?-> 

3 V 3 4 27 

and which confequently cannot be refolved by the rules 
above-mentioned, has, upon that account, obtained a- 
mongft algebraifts the name of the irreducible cafe: at 
leaft it is often called by the BYench writers of algebra 
le cas irreducible. The obje(5t of the remaining pages 

of 
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of this paper is to fhew how, by the help of Sir Isaac 
NEWTON^s famous binomial theorem, the foregoing fo-' 
lution of the other, or firft, cafe of this equation may 
be, as it were, extended to this latter cafe^ or, rather, 
may be made the means of difcovering, by a very pecu- 
liar train of reafoning, aaother folution, that fhall be 
adapted to it. 

a I . By the binomial theorem it appears that the cube- 
root of the binomial quantity a + d (in which a is fup^ 
pofed to be greater than b) is equal to the following in- 

finite feries, to wit, a^-^ --7- + |— r "~ —z + — i — 

-r^r-r + ^ ' ""q ' . "- &c. or to a^ x the infinite feries i +7^^ 
r? + ^. - — 4 + — r - f^, + .-LI—^ 8cc. or (it we 

put the capital letters a, b, c, d, e, f, g, h, Sec. for the fe- 
veral numeral coefficients, i,}, f, ^^^j,^, ^, rW-fFTf 
&c. of the terms of the feries, refpeftively,)^^ x the 
infinite feries i ^lM-^^^-!^^^^l^^n2E- 

Sec. in which feries both the numeratbrs and the deno- 
minators of the generating fractions, |, |, -i, — j ijy rry 
8cc. following the fecond term, increafe continually by 
3, fo that it will be eafy for any one to continue the fe- 
ries to as many terms as he fhall think proper. 

2 2, In like manner the cube-root of the refidual. 

quantity a-^b is found by the fame binomial theorem to 
Vol. LX VIII. sY be 
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X i t T 

be equal to the infinite fenes m- t-^-t r-* 

fff!!! _ ii44' _ !^i!^_ fee. or to a^ x the infinite feries 

3^ 9^^ Siix^ 243.^^ y2ga' 6^6ia'' 137,781^^ ^^' ^^ 

^lKtheiiMniteieriesi--i^~?^-l2!!^!£^ ^ 

i4 _ 17,- &c. in which feries the numeral coefficients 

of the feveral terms are the fame as in the feries that 
exprefles the cube-root of a-^b^ but the terms which 
involve the odd powers of b (which in that feries are 
marked with the fign +, or all added to the firft term,) 
are in this latter feries marked with the fign -, and are 
all to be fabtra(Sted from the firft term, as well as the 
terms which involve the even powers of by which are 
to be fubtrafted from the firft term in both feriefes. 

PROBLEM. 

23. Let it now be required to refolve the firft cafe of the 
cubick equation oc^ -qx^r^ in which r is greater than 
2^, or ^ is greater than |-, by means of an infinite 

feries derived from the exprefjions given by cardan's 
rule^ 

SOLUTION. 

We have feen in Art. 1 1 . that, if ss be put =- - t.^ 

4 27 



the value of x in this equation will be = ^ ' -^ + j + 
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J^^L^s. For the fake of avoiding fradions, let ^ be 
put =~. And we ftiall have Ar=\/^[7+} -^s/^U-s. But 
(by Art. ai.) x/^jT+j is =:^^ x the infinite feries i h- i-« 
-4.ifL«i2f; + iii;-iB4 + -i^l, ^ &c ; and, by 

^ee 81^^ 243^* 729^5 6561^^ i37,78u^ ' 'V 

Art. i^.s/Ae-s is = ^^ X the infinite feries i— ± - il - 
si__^_iff!._i^^- J^_ 8,c. Therefore ^/^f^+ 

8ie^ 243e* 729^ 6561^** 137,781^ ' 

\/^e- s is equal to e^ x the fum of thefe two feriefes, 
that is, to e^ x the infinite feries 2 --!f-i^^i^- See; 
and confequently the root of the equation x^'-qx = r is 
= ^f X the infinite feries 2 -!f-12fl-i^ -~ &c. adinji- 

nitum. Q. E. F. 

24. Note. This feries muft always converge, becaufe 

ss^ or - - C, is always lefs than -, or ee. And, when 

' 4 *7 4 

jj" is confiderably lefs than ee^ or ~ - ^ is confiderably 

4 *7 

lefs than-, or -is very little greater than L, the con* 

4 '' 4 •' ^ zy 

vergency of the terms of this feries will be fufficient to 

make it ufeM. But in other cafes, when ^-^ is mtich 

4 

greater than ^, (as when it is triple, quadruple or quin- 
tuple of it, or ftill greater,) the terms of this feries will 
converge fo flowly as to render it very unfit for practice. 
And indeed in the moft favourable cafes it will, ns 1 be- 
lieve, be lefs convenient in praitice than the expreflion 

SY 2 s/^ 
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s/^le+s f \/^|7-7, or J\~'+ -*■ + V '7""~ ^' fro^ which it 
was derived. However, that it may appear that this fe- 
ries will exhibit the root of the equation x'^-q^zzr tru- 
ly, if we will take the neceffary pains of computing it, 
I will here fubjoin one example, and no more, of the 
refolution of a cubick equation of that form by means 
of it, having taken care to chufe fuch numbers for q 

and r as Ihall make - be but little greater than ^ , and 
confequently fhall give us only a fmall number for the 
fraction ~, by the continual multiplication of which the 

££ 

terms of the feries are generated • 

jin example of the refolution of a cubick equation of the 
aforefaidformy x^-qx^r^ in thejirjl cafe of it^ in which 

r is greater than —^y or - is greater than ~, by means 






of the expreffton e^ x the infinite feries a - ^' - 
i^ - ^c. obtained in Art. 23. 

^5. Let it be required to refolve the equation x^ - 
300A? ^ a 1 08 by means of the infinite feries e^ x 

C^ff ^^^ 3^^ Sec. obtained in Art. 23. by the 
help of Sir isaac newton's binomial theorem. 



Here 
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Here ^ is = 300, and r is = 2108. Therefore ^i^ 

2x200X4/300 2XlO0Kv'3OO 2X 100x104/3 _■ ^ 

3X V3 4/3 -^3 

X 1 o = 2 o o o, which is lefs than 2108, or r. Therefore 
this equation comes under the cafe of sardan's rule, 
and confequently may be refolded by means of the infi- 

i illli n ii mm II I ■ ■! . —■ ■I I i m'«» I I - 1 .■■ . ■ ■■lining* 

2- Hi _ i£i^ _ ML^ - &c. if that feries 

has been juftly deriv^ed from the third expreiSion of the 
value of X given by cardan's rule* 

a6. Now, fince r is = 2io85-^,or^, willbe=io54, 



and-, or ee^ will be = 1,110,916. And, iinc^ f is 

4 

= q^oo, i will be = 100, and 1-, or the cube of ^ . will 

be = 1 000,000 J and confequently jj, or — -^, will 
be (= 1,110,916 - 1000,000) = iio,gi6. Therefore, 
the fraaion - is = ^^^^'\ = .0998. Therefore 4- is 

1,1 1- ■■■... jk """ ' "" ""% 

= .0998'' = .009,950, and ^is = .09981' =.000,992; 
and?i^is=4 X .0998 = ^ = .oa.2,177; and^ is 

zz- — X. 009,950 ^•"•■^:: .000^010, ana ^ ^ ^s^T-^r; 

243 i^'^J 2i4j ' ojbir 0561 

X .000,992 = -^ = .000,046; and confequently, 
51! 4. i2£ 4. JSi-is = .022,i77 + .ooo,8i8, +.000,046 

2^5 20 i* "208 J^ •■ 

= .0*3,041; and a-^-;^«-6i67?*s=*-'°*3>o4i 
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= 1.976,959, But e\s = 1054. Confequently, e\y or 
\/^ej\s = n/^ I o 5 4= I o . 1 7 6 8* Therefore e\x the feries 

Si- — - -^^ - /^. ' . - See. is = 10.1768 X 1.976,0^0 

- 20.119,116. Therefore the root of the equation 
oc'^ - 300 X = aio8 is = 20.119,116. Q. E. I. 

27. This value of a; is true to five places of figures, the^ 
more accurate value of it being 20.1 19,053, as willeafily 
appear by profecuting it to three or four more places of 
figures by Mr. raphson's method of approximation. 

28. That 20.119 ^s very nearly equal to, but fome- 
what lefs than, the true value of x in the equation 
x'^ - 300A;i=2io8, will appear by fubftituting it inllead 
of X in the left-hand fide of that equation. For, if we 
take X = 20.119, w^ fl^^^l have xx = 404.774,161, 
andA;3=: 8143.651,345,159, and 300^;= 6035.700; 
and confequently, x"^ - 300 :v = 8143.651,345,159, 
-6035.700 = 2107.951,345,159, which is fomewhat 
lefs than 2108, or the accurate value of a:^~ 300A; in 
the propofed equation a;^~3ooa;= 2108. Therefore, 
20.119 muft be nearly equal to, but fomewhat lefs 
than, the accurate value of x in that equation. 

29. It appears therefore from this example, that this 
expreffion, ^i- x the infinite feries 2- — ^~ - i^, 

^ i)ee 243 <r* 6561 / 

- &:c. does truly exhibit the root of the equation 

4 x^ 
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^^ - f ^ =r in that cafe of it which fails under cardan's 
mlej or in which r is greater than ~f^ or ^ is greater 

than^* 

$6* I now proceed to conlider the problem which is 
the principal objecSl: of this paper, which is to fhew how 

■from the feries ^ | x 2- ^^' - —-. ~ 7^^^^- &:c, we may 

5 ' 9^^ 2431^ 6561/ / 

derive another feries, differing from it only in the figns 
of fome of the terms, by which the equation pc^-qx=:r 
may be refolved in that other cafe of it which does not 
come under cardan's rule, and in which r is lefs than 

21^, or — is lefs than ^i and this without anv mention 
of either impoflible or negative quantities. 

P R O B L E M- 

fh re/oive^ by means of an infinite feries derived from tke 
infiniti feries e^xU^^-^^^^^-'Uc. the fe^ 

^ '^ 5 1 9f# 243 «^ 6561 r J 

cond cafe of the cubick equation x^-qx:=:r^ in wbicb r is 
left tban^, or ^ is lefs than C 

SOL V T I O H* 

3i» We have feen that in the firft cafe of the e- 
equation x^--qx=:r,ia which — is greater than K the pro- 

dua 
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dua of ^ f into the feries a- H _ 2££l _ s^^il _ &.c. ad 

^ ^ee HS^ 6561 r 

infinitum J is equal to the root x. Now there are two 
different ways of computing this feries, which (though 
not equally Ihort and convenient in pra(Slice) are never- 
thelefs equally juft and true: and therefore they muft 
both produce the fame refult for the value of the feries. 
The firft way of computing it is the common one, which 
confifts of the following proceiles; to wit, firft, to 



compute the quantities 11 and 1- , as was done in the 

A * 4 27 ' 

foregoing example, art, 26, whei^e ^ was found to be 

= 1,110,916, and f- to be 1000,000; 2dly, to fabtraft 

27 

|- from J, in order to get the quantity ss^ which is equal 

to their diflference, and which in the foregoing example 
was 110,916; 3dly, to divide ss by ee^ fo as to obtain 
the value of the frailion — ; as in the foregoing example 

we found the fradion j~^ to be = .0998 ; 4thl7, to 
compute the powers of the value found for the fraaion 
^; as in the foregoing example we computed thofe of 
.0998, and found its fquare to be .009,950, and its 
cube to be .000,992; 5thly, to multiply^, audits 
powers ^ J ^ , &c. into the co-efficients f , i£ , J^ , &c. 

^ ^ 9 H3 6561' 

relpedively^ 
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refpedlivelv, as in the foregoing example vve multiplied 



20 



.0998 into -, and .009,950 into — , and . 000,992 into 

^^, and found the produ<5ts to be .022,117, .000,818, 

and .000,046 ; and 6thly, to fubtraft all the produds fo 
obtained from 2 the firft term of the feries. This is 
the common and the proper way of computing the feries 

- T^^A- 8cc. wh^en we want to make ufe 



2S5 20 i' 

C)ee 243^* 656 1 r 

of it in prailice. But it may alfo be computed in ano- 
ther manner, which may be defcribed as as follows. 

Inftead of ss infert the compound quantity ^ - 1- it- 

felf, to which ss is equal, in all the terms of it. And 
it will be thereby converted into the following feries, to 



• . 2 (7r a- 
Wit, 2 X -,, 



20 



243^ 



rr 



27- 



308 
656 1^* 



rr 
4 



2y 



&:c. or (becaufe ee is = ^, and confequently ^*= ~, and 



8 P? 7^ 3 
t^y grr '4 



&c. or 2 



20 



X 



27 243; 



4 



27 



19712 
6561;* 



4 



9rr 



rr 
4 



C 
27 



3^Q 

243 r^ 



4 

76 



2rr^' q^ 



4x27 27x27 



27 

19772 

656ir<* 



X 



s^y 



+ 



3^^f 



, &c. or (puttine: 

64 16x27 4x27x27 27x27x271 ^^ ^ 

the Greek letters «, S*, y, &c. for the numeral -co-efRcients 

8 QIO 1 07 1 2 r» _ r* ^ n? _i N » Ut «^ € 



i., 3i?, 12^3, &c. refpeaively) 2--^x!--^l 

o 9.4.7 hdii ^ ^' rr > A 27/ 



27; 



4 



jr- 2^r^^ , 
X -7 • + 



1 



f7 



3'V 



+ 



3rrf 



1 



lO 4X27 27X271 1^ 64 16x27 4X27x27 27X27X27' 

Vol. LXVIII. s Z &c. 
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4 27rr i6 4X27Ar 27x27x7^ 64 iox27rr 



3y/ . y?"" 



^ + — — -. - Sec. which confifts of a much 

4x27x277-'* 27X27X27r' 

p-reater number of terms than the feries a — — - -^. 

6 

-■g - 8cc. from which it is derived, and in which 



308 



6501 
many of the terms are mvich more complicated than in 

that former feries. Neverthelefs, fince the compound 
quantity—--^ is equal to ss^ the infertion of it inftead 

of ss in the terms of that former feries cannot alter its 
real value, though it will make it much more difficult to 
compute/ It muft therefore be true of the new and 



«.q^ C 2^^^ C^' 



y 



complicated feries 2- -^h--^ - -t+ ^ ~ -^ 

^ 4 27rr 10 4X27rr 27x27/^^ 64 

4. 3^?' 321 — ^ 4. Zl..,^ — ^-. &c. as well as of the 

l6x27rr 4X27x27/-* 27X27X27r'* 

former feries 2- — -.- -^. - ^^-^ ~ &:c. that, if it be 

multiplied into e j, or v/^ ^, or Wl-, the feries thereby 

l^roduced will be equal to the value of x in the equation 
P^'^-qx-fy or that, if the faid feries be cubed, and alfo 
multiplied into q^ and from its cube the producSl of its 
multiplication into q be fubtradled, the remainder will 
be equal to r, or rather will approximate to the value of 
r, becaufe, as the quantity fubftituted for x in the com- 
pound quantity x'^-qx is only a part of an infinite feries 

I that 
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that is equal to Xy it is irripoflible that the faid remainder 
{which is produced by that lubftitution) flioxild be accu- 
rately equal to the whole value of t\ 

32. By the help of this obfervation we may from the 

foregoing feries 2- — ~ -^^ - ^^o - 8cc. which, be- 

ing multiplied into e |, or the cube-root of ~ , exprefles 

the value of xin the equation x^-qx^r^ in the firft cafe 
of that equation, when — is greater than i-, deduce ano- 

ther feries refembling the former in the comppfition of 
its terms, but differing from it in the figns to be prefixed 
to fome of them, that will likewife (if multiplied into 

e p or the cube-root of ^) exprefs the value of i:v in the 

fecond cafe of the fame equation, in which ~ is lefs than. 

?^, and which cannot be refolved by cardan^s rules. 
27 

This may be done as follows. 

33. If in this fecond cafe of the equation x^-qx^r 

we fubtra(5l ^ from ^~ , and call the remainder ss (as we 

before put J*/ for the oppofite difference — -^ ^) and then 
raile the powers of ss^ to wit, s\ s\ s\ s'% and alfo 
the correfpondent powers of its value |: --^j to wit, 

t _ z\\ \t _ !lK &c. the even 

27 4 127 41 

5 Z a powers 



27 "" 4I ' 27 "" 4 
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rrl^ 



powers of the diiffereoce ? — ~ • to wki — -— ' , ^-^ _ !L i 

&c, will conilft of the very fame terms, or the fame 
ix>wers, prodiidlsj and multiples of the two original 

<jiiantities ~ and tr, and with the fame figns .+ and - 

prefixed to them, as wem before contained in the even 
powers of the oppofite difference — -. 1 , when — was. 



greater than -^- . Thias, for sample,, the fquare of ~ -- 1- 

in the former cafe was ^ - -^^^ 4- -i-^— ; and in the pre- 

16 4x27 27x27' "^ 

lent cafe the fquare of ^ - ~ is — — - ^^ + ~, which 

* 27 4 27 X 27 27x4 %tf 

confifts of the fame tenns, and wkh the fame ligns pre- 
fixed to thenti ^ were contained in the fqnare of ~ - i-t 

^ ^ 4 27 

and differs from it only in the order in which the ex- 

treme terms — and —I — are placed* And the fame ob- 

16 27x27 ^ 

fervation is true concerning all the other even powers of 
the opTOjfite difierences ~ - 1- and I- - —• 

Alio the odd powers of the difference ^- - — • to wit, 

27 4 

t "-L itfelf, andj--^]', t. Z\ S &c, wUl confift of the 

27 4 27 4 &7 4 

fame terms, or of thefame jx>wers^produAs, acd multiples 
of the two original quantities — aid t-, as were cxintainecl 

in the fame odd |x>vrers of the op|K>lite difference 

rr 
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!1 _ L. ^ when — was greater than ?- . But the figns pre- 
fixed to the laid terms will be contrary to thofe which 
were prefixed to them in the former cafe. Thus, the 

cube of 1^ -~ ^- in the former cafe was ~- |11~-l— i^i — 

4 27 64 16x27 4x27x27 

; and the cube of ^ — ^ in the prefent cafe 

27x27x27' 27 4 -^ 

is ^' ^— — 4- ^^"^v - '7-5 which confiftsof the* 

27x27x27 27x27x4 27x16 64^ 

fame terms as are containfed in the cube of — - ^- : but 

4 27 

they are placed in a contrary order to that in which they 
flood in the former cafe; and the figns that are prefixed 
to them are contrary in every term ta what they were 
before. And the fame is true of all the other odd 

powers of thefe oppofite differences of — and ^ . 

34. It follows, therefore, that if ss be put for ~ - — 
in this latter cafe of the equation x^-qx:=^r^ in which 
~ is lefs than — , the even powers of ssy to wit, j^, /, /", 

j"^^. Sec. will reprefent, or be equal to, the fame powers, 
produ(fls, and multiples of the two original quantities 

— and ^ in the prefent cafe as they reprefented in the 

4 27 

former cafe, when — was greater than %- , and ss was 

3 

made to ftand for ~ - -■ ; and the feveral terms repre- 

4 ^/ 

fented by the faid even powers of ss will have the fame 

figns 
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figns -(- and - prefixed to them refpe6lively in this fecond 
cafe as in the firft cafe. And it likewife follows that the 
odd powers of ssf to wit, jj, s^^ s"^:^ j*'^, &c. willalfo re- 
prelent, or be equal to, the fame powers, prodiidts, and 

multiples of the two original quantities '-^and^, as in 

the former cafe ; but the figns + and - prefixed to the 
feveral terms rej^refented by the faid odd powers of ss 
will be contrary to what they were before, 

35. If therefore in this fecond cafe of the equation 

x^-qx^r, in which ^ is lefs than ^ we put ss-^- — ~, 

the feries 2-^-^ - ^,- ^ - See will reprefent, or be 
equal to, a fyftem of terms, derived from the two ori* 
ginal quantities ~ and ?-, that will be the very fame in 
point of compofition, that is, wdll be the very fame 
powers, produ6ts, and multiples of - and ?-, as the 
terms that were reprefented by it in the former cafe, in 
which ^'' w^s greater than ^ : but the terms fo reprefent- 
ed wUl not ^//.have the f^me figns + and - prefixed to 
them as they had before ; but thofe terms in the faid 
fyftem, which are reprefented by the terms of the fe- 

^^^^ '^ ~ ^ - ^ -^ - ^c. which involve the even 
powers of jj, to wit, ^^,, &c. will have the fame figns 

prefixed 
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prefixed to them m they had before when ss flood for 
Z^C; and thofe terms of the faid fyftem which are re- 
prefented by the terms of the faid feries which m vol ve 
the odd powers of ss^ to wit,^^ and |— ;, &c, will have 

contrary figns to thofe they had before. Confeqnently, 
if we change the figns of thofe terms in the feries 2- 
^ -. i^I- -. &c, which involve the odd powers of 



2SS 20s 
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ss^ to wit, the terms — and |^ &c. the new feries 

' ^ gee 6561^° 

thereby procmcedj to wit^ ^+^,^ 74^^ + ^ -*^^- '^^ill 
peprefent, or be eqnal to, a fyfteiii of terms which will 
not only be the very fame in point of compofition (or 
will be the fame powders, products, and multiples of the 

two original quantities - and |-), as thofe which were re- 

preftnted by the feries a-^-^-^r-^c m the 

former cafe, but will alfo be conne6ted with each other 
in exadllY the fame manner by the figns + and - : that 
is, by Art. 31. the faid new feries will reprefent, or be 
eqiial to, the following fyftem of terms, to wit, %--^ + 

zjrr 16 4X27rr 27x27?^ 64 i^Xijrr 4X27X27/-^ 27 x 27 x 27r'* 



But 
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But it has been fhewn (in Art. 31.) that, if this lyl- 
tem of terms be rnultiplied into e^^ or the cube-root of 

-^, and the feries thence produced be cubed, and alfo 

2 

multiplied into q^ and from its cube the produ6l of its 
multipUcation into q be fubtrailed, the remainder there- 
by obtained will be (nearly) equal to r. Therefore, if 

the feries 2 + ^' ~ -^ + ^^ - &c. (which i^eprefents, 

or is equal to, the faid fyftem of terms, when - is lefs 

4 

than — , and ss is made =^ — -,) be multiplied by ^', or 

the cube-root of ~, and the feries thence produced be 

cubed, and alfo multiplied into q^ and from the cube of 
the faid feries the produ<5t of its multiplication into q be 
fubtradled, it will follow that the remainder thereby 
obtained will be (nearly) equal to r ; that is, the produft 

of the multiplication of ^5, or the cube-root of ~, into 
the infinite feries 2 + 2f - f^ 4. ^^^ _ ^ jg ^ ^ ^ 

()ee 2436''* 656 It' •*• 

the value of x in the equation x'^-qx-r in the fecond 
cafe of it, when - is lefs than ^. Q. £• I. 

36. This feries ^^l~ ^ 1 ^. - &c. does not al- 

ways converge, but only when j-j* is lefs than ee^ or t,^Z 

27 4 

1% lefs than -, or ^ is lefs than ^, or ~ is greater than 

half 
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half ^, or than — , thoueh lefs than ^* And th^ nearer 

■5 

- apj)roaches to ^, the greater will be the fwiftnefs with 

*r 7 

which this feries will converge* 

37* I will now acid a few examples of the refolution 
of cubick equations of the aforefaid form, x'^-qx-^-r^ in 
the fecond cafe of thofe equations, in which r is lefs 

than ^^, or - is lefs than ^, by means of the infinite 
feries ^i x 2 + ^ - -^^ + i^ - 8cc. found in Art. 3 c, 

I 9^^' 243^4 656 1 £?"^ ^^^ 

in order to confirm the truth of the reafonings by which 
that feries was obtained. 

EXAMPLE 1 , 

38. Let it be required to fefolve the equation .v^- 50.vr: 1 20 

by means of the f aid infinite feries. 

Here ^ is = 50; r is = 120; -^- or e^ is - 60; ~, or 
ee^ IS =3600; ^^ is •==■ 125,000; and '— is ■=• — — ^ 
4629.629,629,629, &c. which :s greater than 3600, 
or - . Therefore this equation cannot be refolved by 
cardan's rule, but may by the expreffion ^' x the fe- 
ries 2 4- ^" - i^ 4- -^ ~ 8cc. provided that feries con- 

verges. Now, fince~is =4629. 629, 629, 629, Sec. 
YoL. LXVIir. 6 A and 
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and ^-^ is =3600, we fliall have j^r: ^-~ - ^ = 4629. 629, 

629, 629, Sec. - 3600 ==1029. 629, 629, 629, &€• 

which is confiderably lefs than 3600, or ee\ and confe- 
quently the feries will converge, 

39, We fhall therefore have 'L^l2^^±^2^12itl^. 

^^ ee 3600 

=::. 286,00; and- = .081,796; and -^ = ,023,393; and 
confequently — = =; -^ = -063,55 ; and — . =: 

30X.o8i,7q6 i.6?c,92 _ ^ /t ^^. ^,^j 3o8i*^ 3^8 X .023,393 

;^ = -1^ = •oo^.ys; and A-_ = — g^^ = 

2:^^ = .00 1,098. Therefore a + ^ - ^, + #» is 

6561 ^ --^ 9^<? 243^* 65616 

= 2 + . 063,5 5 -•006,7 3 H- ,00 I, 09 =2. 064,64— ,006,73 

==2. 057, 91, And e^y or \/^^, is =:\/2f6o' = 3,9i4,867. 
Therefore e^ x the feries 2+— - -^2-^ + ^l-L - g^c, is = 

3,914,867 X 2,057,91=8,0564; that is, the root of the 
propofed equation .r^-50i:v=i2o is 8.0564; which is 
true in three places of figures, the error being in the 
fourth place of figures, or third place of decimal frac^ 
tions, where the figure ought to be a 5 inftead of a 6, 
the more accurate value of x in that equation being 
8*055,810,345,702, as may eafily be found by Mn 
raphson's method of approximation. But 8.0564, 
the value of x found by the foregoing procefs, is fuf- 
ficiently near to its more accurate value 8.055,810, &:c. 

to 
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to ihew the truth of the foregoing reafoniiigs. Their 

difFereace is only -^ parts of an tinit, which is only 

•^ 10,000 ^ ' •' 

the 134^6^'*^ part of 8.055,810, Scc^ or the true value 

of X. 

40. N* B» This equation ^^-501?^- 120 exprefles the 
relation between thediameter of a circle and three chords 
in it that lie contiguous to each other, and together take 
up a femicircle, and form a trapezium of which the dia* 
meter of the circle is the fourth fide. For if the three 
chords are called ^, k and t^ and the diameter of the cir- 
cle is called ^, the relation between them %¥ill be ex-* 

-bb\ 
preffed by the cubick equation Af^ -kk \ K^:raM/, which, 

if the numbers 3, 4 and 5 are fubftituted inftead of the 
letters ^, ^, and /, will become a;^- 50^;= 1 20. See Sir 
ISAAC NEWTON'-s Arithmctica Univerfalis, Edit, ad# 
172^2, page loi- 

£ X A IM P JL i!« IJl* 

41. Let it be required tojird by means of the fame feries 

the root of the equation 1^^-.^=::-. 

Now in this equation ^ is = i, ris =j, -^is==|, j» 

or ee^ is s ~, and ?1 is = ^, which is greater than ji 

6 A a or 



940 Exienjion of Cardan's Rule to the 

or -. Therefore this equation cannot be refolv^ 

ed by cardan's rule, but may by the feries e^x 



2-f-~.-fi!^ - i^ ^ i^— - &:c. in cafe that feries is a con- 

verging one; 

Now, iince ^ is == —, and - is =: ^, we fliall have ss^ 

Qf ^L ^Z -: i- -. -L - L-Zll zz _?,— z: — ^-, which is lefs 
27 4' 27 36 27x30 27x36 3x36' 

than 3^, or ee, in the proportion of i to 3. Confe-^ 
quently the feries a 4-^' - -^ -f ^~ - &cc. and the fe- 

ries ^7x2+ 1 + r~r-T~ &^c, will converge, There- 

^^^ 243^* 6561^ ^ 

fore the equation x'^-x^^j may be refolved by the means 
of it as follows.. 

42, Since J-J is = -— 5 and-, or^^, is =-3^, , we fliall 

"I r A.t 2j^ 2 X. ^33333 .666666 

JL=: ^037,037, and confequently — n — ^21111 ~ 

J 20i* 20X.III,III 2.222,222 ^^ 

.o74,o74> and ~, = ^^— = -^^- = .009,144, 

and i^r: ^^^-^^=^^^H^'= .001,738. Therefore 

6^6ir 6561 6561 ^' ^ 

•001, 738 = 2,075, 8ia-,oo9,i44= 2.o66,668, And 
\/3^is =v/^lT= -T3^=~s-^~ — • Therefore ^^ x the feries 

' 6 y^6 1.817,121 

^ "^ r" "• 7^ + i^r-^ - Sec. is = ~— - — x 2,066,668 =r 

1-13733; 
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1.13733 ; that is, the root of the propofed equation 
a;^- a;= J is 1 . 1 3 7, 3 3 ; which is true to four places of fi^ 
gures, the error being in the fifth place of figures, or 
the foiirth place of decimal fradtions, where the figure 
ought to be an unit inftead of a 3, the more accurate 
value of X being I,i37,i58,i64, which differs from 
the value of it here found by lefs than .00017, or 

— ^-^ — : parts of an unit, which is lefs than the 6680^^ 
part of 1^137,158,164^ or the true value of x. 

EXAMPLE III* 

43. Let it be required to find the root of the equation 

X^ - 5 AT = 4. 



Here (? is = 5 ; r is =4; —> ^^ ^> ^^ = ^ 5 "^j ^^ ^^? i^ 
2:4; q'^ is = 125, and — is =— =4.629,629,629, Sec 

which is greater than 4, or -. Therefore this equation 
cannot be refolvedby cardan's rule, but may by the 



infinite feries e^x 2 +i^' - ^ + ^77 - &:c. in cafe that 
feries is a converging one,. 

Now, fince ^ is 4.629,629,629, &c. and ^ is = 4, 

we Ihall have?- - -, or ssy = .629,629,629, &c. which 

is 
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is lefs than 4, or ee^ in the proportion of about 6 to 
40, which is a pretty large proportion of minority, and 
much larger than the proportion of ss to ee in either 
of the former examples. Confequently the feries e^x 



2 + if - i2L 4. i^ - &c. will converge with a greater 

degree of fwiftnefs than in either of thofe examples. 
Therefore the equation x^-^x-r may be refolved by it 
as follows. 

44^ Here ^ is = '^9>629>&C' _ .157,407 ; and confe- 

quently -is = .024,777, and -^ is = .003,900. There- 

fore 5 is = i^i.^ = 11^ = .034,979, and ^ is = 

~f^ = '^= ooa,039, and ^ is =.^-^^^^^^^ 
l:§^°=.ooo,i8., and confequently .+g - ^, + ^^ 

is = 2 + .o34,979~.ooa,039 + .ooo,i82=2.o35,i6i- 
.002,039 = 2.033,122. And <?^, or \/%, is=:v/22=: 

1. 259,921. Therefore ^i x the feries a+ i^ --^^ + 

gee 24.$e* 

j^, - &C. is = 1.259,921 X 2.033,122 = 2.561,573 • 
that is, the root of the propofed equation x^-s^-^. is 
2^*561,573 ; which is true to five places of figures, the 
error being in the fixth place of figures, or the fifth 
place of decimal fradions, where the figure ought to 
6 be 
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be a 5 inftead of a 7. For the accurate value of x in 

.-t . ^. • 1 + ^/17 ^ 1 + 4.123,106 t;, 122, 106 

this equation is ^ \ or ^ ^* > or ^ — |^— , or 
a. 561, 553; which differs from 2.561,573, or the va- 
lue of OQ found by the foregoing feries, by only j^^^^;^' 

or -^^—^^ parts of an unit, or lefs than the 1 28,000th 

part of 2.561,553, or the value of A?itfelf ; which is 
a great degree of exaitnefs. 

45. 'Note. That x^ or the root of the equation x'^- 

5^=:r, is accurately equal to i±— i?, will appear by fub- 
IHtuting —i^ inftead of x in the compound quantity 
»'- 5a;, and obferving that it will make that quantity- 
become equal to 4. For, if ^ is = ~-— , we Ihall 

5^=1+^7^ andconfequently ^3_5^=Il±l£L7-izi^^ 

I = 4. Therefore '-^p- is = ;e. Q. E. D. 

46. Thefe examples fufSciently prove that the ex- 
preffion ^i x the feries 2 + £-^+1^7 - ^^c (which 
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we derived from the oth er feries e^ x 
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&:g» 



by the peculiar train of reafoning ufed in Art. 33, 34, 
and 35,) gives the true root of the cubick equation at^- 

qx=r 
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qx^rin the fecond cafe of it, in winch r is lefs than 

^~, or^is lefs than^-, and which therefore cannot be 

31/3 ' 4 .zf 

rqfolved by cardan's rule. 

I will, however, fubjoin one more example to the 
fame purpofe ; which fhall be that of the equation x^- 
63.^^:162, which both Dr. wallis and Mr. de moivre 
have refolved by extra6ling What they call the impoffi- 
ble cube-roots of the impoffible binomial quantities 
81 +\/- 2700 and 8 1 -\/- 27 00. Now this equation 
may be refolved by the foregoing expreffion ^^ x the 

leries ^ + —'. 4- ^-- - Sec. m the manner fol- 

C)cc 2\y^ beetle 

lowing. 

example 4* 

47. Let it be required to fiid the root of the equation 

i;v^~63A:=: 162, 

Here ^ is = 63; r is = 162; -, or e. is =: 81 : -, or 

2 4 

ee^ 13=6561; X is =21 ; and ^ is =9261, which is 
greater than 65 6 1, or -. Therefore this equation can- 
not be refolved by cardan's rule, bvit may by the infi- 
nite feries ^^ xl^+^l - ,^. + gp - Sec. in cafe that fe- 
ries is a converging one. 

Now, 
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Now, fince -- is = 9261, and - is = 6561, we fhall 



f> rr 



liave^^ , or//, =2700, which is lefs than 6561, 

or ^^, in the proportion of 100 to 243. Confeqiient- 
ly the feries 2 + — - -~ + 7—— - 8cc. and the prodiid 

■' ^ee 243^'* 6461^ * 

of that feries mtiltiplied into ^', or the feries e^ x 



2 + ±!i - -i°L + J2?L ~ &:c. will converi^e. Therefore 

9^^ 243^* 656 If o 

the equation a;^- 63^;= 162 may be refolved by it as 
follows, 

4B. Since ss is = 2700, and -, or ee^ is = 6561, we 
IhaU have J^g^ =:-?== .41 1,522, and $ = .169,350, 
and~=.o69,69i,andconfequently^^=i^iliiii^=:^^ 

% iQ^ 20 X.i6q,3^o 3.387,0 o J 

.091,449, and^^ = — ^f^=4i^=•°^3J938, and 
j^^ 3°8x .069,691 ^^4^ ^ .oo3,a7i. Therefore 2 + 

6561/ .6561 6561 ^^ ' 

ff _ i2fl + i^4 - &c. is = 2 + .091,449,-- .013,938, + 

.003, 271 -^ &c. = 2.094, 720, ~ .013, 938 - Sec. = 
2.080,782, -&c. And ^^, or s/^{e^ is =\/3[87 = 
4.326,749. Therefore ^t x the feries :,^^^^^ 

i^ - &:c. is = 4.326, 749 X 2.080, 782, - &c. = 

9.003,021- &c; that is, the root of the propofed e- 

quation x^- 63.^= 162 is = 9.003,021, - &c. or fome- 

what lefs than 9.003,021 ; which is true to three places 

Vol. LXVIIL 6 B of 
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of figures, the error being in the fourth place of fi- 
gures, or the third place of decimal .fradlions, where 
there ought to be a cypher inftead of a 3, becaufe the 
accurate value of oc in this equation is 9, as will appear 
upon trial : for, if x be taken = 9, we fliall have a;^= 
729, and 63^=567, and confequently ^^^~63Ar (=729 
-5 67).- 1 6 2. 

SCHOLIUM. 

49. This refolution of the equation 1%*^- 63^^=1 612^ 
anfwers to Dr. wallis's refolution of it by extrading 
the cube-roots of the impoffible binomial quantities 
8 1 4-\/- 1^7 00 and 8 1 -\/- 2 7 00, inafmuch as both re- 
folutions are originally derived from cardan's rule. 
But the difference between them is, that the method 
here delivered is intelligible in every ftep of it, whereas 
Dr. WALLis's method treats of impoffible quantities, or 
quantities of w^hich no clear idea can be formed, in the 
whole ccurfe of the procefs, though it concludes with 
a refult that is intelligible^ by means of the equality of 
the impoffible members of the two ultimate quantities 
I + ^\/-3 and |-^v/-3 (whofe fum is equal to the 
value of x)^ and the contrariety of the figns + and -, 
which are prefixed to them. The doctor's method of 
finding f + i-x/ -- 3 and | - 1 v^ - 3. to be the cube-roots 
2^ of 
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of the impoffible binomial quantities 8i+\/--27oo and 
8i-\/~2700 is only tentative. But Mr. de moivre 
has given a certain method of finding the cube-roots of 
fuch quantities in all cafes ; but not without the trifec- 
tion of an angle, or finding (by the help of a table of 
fines, or otherwife) the cofine of the third part of a 
circular arc whofe cofine is given ; by means of which 
trife6lion it is well known (independently of cardan's 
rule, or Mr. de m 01 v re's procefs) that the fecond cafe 

of the cubick equation x'^ — qx-:=-r (in which ~ is left 



than?- , may be refolved. So that Mr. de moivre's 

method of doing this bufinefs, though more perfecSt 
than Dr. wallis's, does not feem to be of much ufe in 
the refolution of thefe equations. And both methods 
are equally liable to the objeilion above-mentioned, of 
exhibiting to our eyes, during the whole courfe of the 
proceflTes, a parcel of algebraick quantities, of which 
our underftandings cannot form any idea ; though, by 
means of the ultimate exclufion of thofe quantities, the 
Tefults become intelligible and true. It is by the in- 
troduftion of fuch needlefs difficulties and myfteries in- 
to algebra (which, for the moft part, take their rife from 
the fuppofition of the exiftence of negative quantities, 

6 B 2 or 
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or quantities lefs than nothing, or of the poffibility of 
fubtradting a greater quantity from a lefler), that the o- 
therwife clear and elegant fcience of algebra has been 
clouded and obfcured, and rendered dilgufting to num- 
bers of men of a juft tafte for reafoning ; who are apt 
to complain of it^ and delpife it, on that account. And, 
doubtlefs, they have too much reafon to do fo, and to 
fay, in the words of the i^iXDmxs Mon/ieur des cartes 
in his dijGTertation De Methodo^ P^g^ 1 1> Algebram verl^ 
ut folet doceri^ animadverti certis regulis et numerandi 
formulis ita ejfe content am ^ ut videatur potius ars quadam 
confufa^ cujus ufuingenium quodammodo turbatur et ob^^ 
fcuratur^ quam fckntia^. qua excolatur et perfpic actus 
reddatur. If this complaint was juft in des cartes-s 
time, there is certainly much more reafon for it now.. 

50. The paflage above alluded to in Dr. wallis's 
algebra, is in the 48th chapter, pages 179, 180, of the 
folio edition at London in 1685. And Mr. de moi- 
vre's method of extracting the cube-root of an im- 
poffible binomial quantity, as 81 + \/- 2^7 00, or a -f 
s/-bj is publifhed in the appendix to the fecond* vo- 
lume of profeflbr saunderson's algebra, pages 744, 
7 45 J 746, 747- It is very ingenious, and fliews that 
author's great ikill in the ufe and management of al- 

gebraick 
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gebraick quantities. See alfo on this fiibjecSt clairatjt's 
EMmens d^Algebre, Part V. Se6tion 9. pages 286, 287, 
a 8 8, and a paper of Monlieur nicole in the memoirs 
of the French Academy of Sciences for the year 1738, 
pages 99 and loo. See alfo maclaurin's algebra, 
Part L the fupplement to the 14th Chapter, pages 1 27, 
128, 129, 130; and the Philofophical Tranfa6tions, 
N^ 451. 

5 1 • If any gentleman fliould be inclined to compute 

the feries 2 + — - -^ + ^^ - Sec. to more than four 

gee 243^'* 656 1<?® 

terms, he will find the firft eight terms of it to be as 

XOUOWS, to Wit. 2 4- T+r-r-6 ' — §+ — tt — r~TQ - 

'gee 243*** 656 ir S9®49^ 4>782,96g^^° 

2,358,512/* 120,646,960/^ 



i29,i4o,.i63«'* 8,i35,830,269f'*- 




